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Quasi-1D materials Bi4X4 (X=Br, I) are prototype weak topological insulators (TI) in the β
phase. For the α phases, recent high-throughput database screening suggests that Bi4Br4 is a
rare higher-order TI (HOTI) whereas Bi4I4 has trivial symmetry indicators. Here we show that in
fact the two α phases are both pristine HOTIs yet with distinct termination-dependent hinge state
patterns by performing first-principles calculations, analyzing coupled-edge dimerizations, inspecting
surface lattice structures, constructing tight-binding models, and establishing boundary topological
invariants. We reveal that the location of inversion center dictates Bi4Br4 (Bi4I4) to feature opposite
(the same) dimerizations of a surface or intrinsic (bulk or extrinsic) origin at two side cleavage
surfaces. We propose a variety of experiments to examine our predictions. Given the superior hinges
along atomic chains, the structural transition at room temperature, and the extreme anisotropies in
three axes, our results not only imply the possible existence of many topological materials beyond
the scope of symmetry indicators but also establish a new TI paradigm and a unique material
platform for exploring the interplay of geometry, symmetry, topology, and interaction.
I. INTRODUCTION
Geometry, symmetry, topology, and interaction are
fundamental themes in physics. Their interplay governs
microscopic laws of individual particles and macroscopic
phenomena of many-particle systems. As a paradigm in
condensed matter physics, Kane-Mele topological insula-
tors (TI) exist in 2D and 3D but not in 0D and 1D, dic-
tated by the time-reversal (T ) and gauge symmetries in
spin-orbit-coupled systems [1–4]. For a 3D (2D) TI, the
nontrivial Z2 topological invariant of a gapped bulk state
implies the presence of a symmetry-protected gapless 2D
(1D) surface (edge) state. Having taken the electronics
community by storm, not only has this spirit topologi-
cally classified all insulators, (semi-)metals, and super-
conductors with various different symmetries and dimen-
sions [5–8], but it has also substantially inspired the study
of classical systems that address photonic, acoustic, me-
chanical, and even equatorial waves [9–13].
Fascinatingly, higher-order TIs (HOTI) and topologi-
cal superconductors have emerged recently [14–23]. They
host protected gapless states at boundaries of more than
one dimension lower. In fact, they can be best exem-
plified by simple models of Z2 TIs under suitable sym-
metry breaking. In the original work by Zhang, Kane,
and Mele (ZKM) [14], when the T symmetry is broken
for a 3D TI, one chiral hinge mode propagates along any
hinge that reverses the sign of Hall conductivity of two
magnetic gapped surfaces. In more recent studies, when
the gauge symmetry is broken for a 2D TI, two Majorana
corner modes are bound to any corner that reverses the
sign of induced pairing of two superconducting gapped
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edges [22, 23]. While the former may be realized in Sm-
doped Bi2Se3 or MnBi2nTe3n+1 in a magnetic field, its
thin-film limit as the first quantum anomalous Hall ef-
fect has been achieved in Cr-doped (Bi,Sb)2Te3 [24–27].
While the latter may be materialized in the 112-family
of iron pnictides such as Ca1−xLaxFeAs2, its 3D counter-
part with helical Majorana hinge modes has appeared to
be confirmed in FeTe0.55Se0.45 [28–30]. These progresses
urge a more ambitious question: does there exist any
pristine HOTI, i.e., a material with a global bulk band
gap and a natural gapless hinge state in the absence of
any symmetry-breaking perturbation?
Following the theory of topological quantum chemistry
or symmetry indicators [31–35], high-throughput screen-
ing of nonmagnetic topological materials has been per-
formed in the Inorganic Crystal Structure Database [36],
and thousands of candidates have been identified [37–39].
Unfortunately, only a handful of them are HOTIs with
helical hinge states [40]. Even though the list is short, ex-
tra efforts including more accurate calculations and more
physical understanding are necessary to narrow down it
to those not only truly topological but also experimen-
tally feasible [41]. As a rare yet prime example, it has
been predicted that α-Bi4Br4 is a HOTI with Z4 = 2
whereas α-Bi4I4 has completely trivial symmetry indica-
tors [37–39, 42, 43]. Here, by using various of different
computational and analytical approaches, we explicitly
demonstrate that both α-Bi4Br4 and α-Bi4I4 are HOTIs
with helical hinge states, though with sharp distinction
in their hinge state patterns. Given that the symmetry
indicators of α-Bi4I4 are indeed trivial, significantly, our
results imply that there are likely to be many topological
materials beyond the scope of symmetry indicators and
awaiting to be discovered.
Bi4X4 (X=Br, I) are quasi-1D van der Waals materi-
als, and each can be viewed as a periodic stack of atomic
chains. The β phase has been predicted as a prototype
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2weak TI (WTI) [44], as confirmed by angle-resolved pho-
toemission spectroscopy (ARPES) [45]. Strain can fur-
ther tune the β phase between WTI, strong TI (STI),
and normal insulator [44]. Superior to layered WTIs, the
quasi-1D WTI is granted two natural cleavage surfaces
in which the distinct surface hallmarks defining WTI can
be inspected [44]. Here we show that our revealed hinge
states of the two α phases propagate along the natural
cleavage hinges, i.e., in the chain direction. This extraor-
dinary property would greatly facilitate the experimen-
tal detections of the hinge states. Interestingly, intrin-
sic superconductivity has already been reported for both
Bi4Br4 and Bi4I4 [46–49]. This enables possible topologi-
cal superconductivity to arise from an intrinsic proximity
effect. More remarkably for Bi4I4, the structural transi-
tion turns out to be around 300 K [45, 50–53]. Thus, our
identifying α-Bi4I4 as a HOTI not only uncovers a ther-
mal phase transition between the first- and second-order
TIs but also implies that the topological surface/hinge
states of Bi4I4 can be switched at room temperature, a
property that may be exploited for potential applications.
Besides demonstrating the existence and superiority of
helical hinge states in the two α phases, we reveal that
the location of inversion center, overlooked before, plays
a critical role in determining the termination-dependent
hinge state patterns. The inversion center of Bi4Br4
(Bi4I4) lies in its (001) monolayer (bilayer center). As
a consequence, Bi4Br4 (Bi4I4) is an intrinsic (extrinsic)
HOTI, and its two side cleavage surfaces exhibit oppo-
site (the same) dimerizations of a surface (bulk) origin.
Compelling evidence for the two novel yet distinct band
topologies is provided by our advanced first-principles
calculations, coupled-edge layer constructions, surface
lattice-structure inspections, effective tight-binding mod-
els, and nontrivial surface winding numbers. Never for-
mulated before, our boundary topological invariant not
only validates but also distinguishes the two HOTIs. Fit-
ting well with the ab initio results, our model elucidates
the intimate relation between 2D TI, WTI, and the two
HOTIs. To examine our predictions, we point out how a
variety of experiments can be carried out. Our results es-
tablish a new TI physics paradigm and a unique quasi-1D
material platform for exploring the interplay of geometry,
symmetry, topology, and interaction.
II. STRUCTURE AND TERMINATION
DEPENDENT HELICAL HINGE STATES
In this section, we present the most striking features
of α-Bi4Br4 and α-Bi4I4 as HOTIs, i.e., the emergence
of helical hinge states and their dependence on the (001)
termination. In order to display the hinge states, we
build the ab initio tight-binding models for both materi-
als by using the maximally localized Wannier functions
(MLWF) for the p orbitals of Bi and Br/I. The MLWF
are constructed from the bulk density functional theory
(DFT) results that are obtained by the Heyd-Scuseria-
Ernzerhof (HSE) hybrid functional. (The computational
methods are detailed in Sec. IV.)
A. Helical hinge states of α-Bi4Br4
α-Bi4Br4 has an AB stacking order in the (001) di-
rection, similar to the Bernal stacked graphite. (The
crystal structure of α-Bi4Br4 is detailed in Sec. III.) Dif-
ferent from the Bernal graphite, the inversion center of
α-Bi4Br4 is not in the middle of a bilayer but in a mono-
layer, and each (001) monolayer of α-Bi4Br4 is a 2D Z2
TI. It follows that there are four possible scenarios of
(001) termination, i.e., A-A, B-A, B-B, and A-B, and
that they feature distinct patterns of helical hinge states,
as depicted in the upper panels of Fig. 1.
In Fig. 1(a), the featured system is periodic in the b di-
rection, 60-unit-cell long in the a direction, and 43-layer
thick in the c direction with the A-A termination. Be-
cause the system has an odd number of (001) layers, from
the perspective of 2D Z2 TI, there must be one pair of he-
lical edge states in total in the b direction. Given the un-
broken inversion symmetry, the pair must be degenerate
in energy and localized in two hinges that are reflected to
each other under inversion. The spectroscopic and spa-
tial patterns of the pair of helical hinge states, calculated
based on the MLWF, are presented in the middle and
lower panels of Fig. 1(a).
The system in Fig. 1(b) has one extra (001) layer
stacked to the bottom of the system in Fig. 1(a). As
a result, one helical edge state of the extra TI layer anni-
hilates the bottom hinge state in Fig. 1(a), whereas the
other creates a new hinge state at the opposite side of the
bottom in Fig. 1(b). As the inversion symmetry is bro-
ken in this even-layer system, the pair of hinge states are
not related under inversion. In Fig. 1(c), one extra (001)
layer is stacked to the top of the system in Fig. 1(b). In a
similar fashion, the top hinge state in Fig. 1(b) is annihi-
lated whereas a new hinge state emerges at the opposite
side of the top in Fig. 1(c). Since the inversion sym-
metry is restored in this odd-layer system, the new pair
of hinge states become symmetric and degenerate. In
Fig. 1(d), the bottom of the system has one extra (001)
layer compared to that in Fig. 1(c). As expected, this ex-
tra TI layer breaks the inversion symmetry and switches
the bottom hinge state to the opposite side.
We note that, because of the Z2 character of 2D TI, the
hinge states are gapped for the two even-layer scenarios
yet remain gapless for the two odd-layer scenarios in the
atomically thin limit. In the bulk limit, however, in each
scenario the pair of hinge states are separate in space
and gapless in energy. While the scenarios in Figs. 1(a)
and 1(c) are prototypes of the inversion symmetric time-
reversal-invariant (TRI) TI with Z4 = 2 [42, 43], here
we demonstrate explicitly in Figs. 1(b) and 1(d) that the
existence of helical hinge states does not require the in-
version symmetry. In fact, the hinge states in Figs. 1(a)
and 1(c) are robust against inversion symmetry breaking,
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FIG. 1. The helical hinge states of α-Bi4Br4 under four different scenarios of (001) surface terminations. (a)-(d) The label on
the top of each column indicates the layer stacking order of the considered system in the c axis, and the red letters denote
the extra (001) layer(s) compared with the case in (a). Upper panels: schematics of the helical hinge states in the b (chain)
direction and the Dirac surface states at the (010) and (01¯0) surfaces. The green regions are the gapless boundaries, and each
red cross denotes a surface Dirac cone. Middle panels: calculated band structures by using the MLWF. All the four systems
are of finite size in the a and c directions and periodic in the b direction. The zero energy is set at the 0 meV in Fig. 6(b). The
green lines are the helical hinge states, and the black lines are the gapped surface states. Because of the unbroken inversion
symmetry in odd-layer systems, all the bands are doubly degenerate in (a) and (c). Lower panels: calculated spatial densities
for the helical hinge states at the energy indicated by the dashed lines in the middle panels.
as long as the disturbance does not close the surface band
gaps or hybridize the helical states at different hinges. In-
deed, following the ZKM theory [14], the hinge states of
α-Bi4Br4 can also be demonstrated by applying a surface
topological invariant or a surface domain-wall argument
to an effective tight-binding model. The model and the
two demonstrations are provided in Sec. V .
Evidently in Fig. 1, depending on its (001) termination,
each scenario exhibits a distinct pattern of helical hinge
states. In fact, the four scenarios in Fig. 1 are the ele-
mentary building blocks of α-Bi4Br4, and any many-layer
system even with stacking faults can be decomposed into
them. For instance, stacking Fig. 1(c) on top of Fig. 1(a)
produces a scenario represented by Fig. 1(d). This fact
can be verified easily by superimposing the two schemat-
ics in the upper panels or the two band structures in the
middle panels. Intriguingly, stacking Fig. 1(c) on top of
Fig. 1(d) yields one layer of stacking fault: effectively, one
2D TI layer is embedded into the interior of Fig. 1(d).
B. Helical hinge states of α-Bi4I4
α-Bi4I4 is similar to α-Bi4Br4 in two aspects. First, the
primitive unit cell of α-Bi4I4 also consists of two (001)
layers. As a result, there are also four possible scenarios
of (001) termination, i.e., A-B, B-B, B-A, and A-A. Any
many-layer system of α-Bi4I4 even with stacking faults
can be decomposed into them. Second, each (001) mono-
layer of α-Bi4I4 is a 2D Z2 TI with a crystal structure
similar to that of α-Bi4Br4 as detailed in Sec. III.
However, in contrast to the case of α-Bi4Br4, the in-
version center of α-Bi4I4 is in the middle of two adjacent
(001) layers. Since the A- and B-type layers are reflected
to each other under inversion, only even-layer systems
are inversion symmetric. Significantly, although the bulk
α-Bi4I4 has Z4 = 0 as an inversion symmetric TRI insu-
lator and trivial symmetry indicators in general [37–39],
we explicitly show in Fig. 2 that α-Bi4I4 can host helical
hinge states for three of its four possible (001) termina-
tions.
In Fig. 2(a), the featured system is periodic in the b di-
rection, 60-unit-cell long in the a direction, and 44-layer
thick in the 2c − a direction with the A-B termination.
The spectroscopic and spatial patterns of this system,
calculated based on the MLWF, are presented in the mid-
dle and lower panels of Fig. 2(a). Clearly, this system
of A-B termination does not host any gapless boundary
state. This result is consistent with the fact that the
system in Fig. 2(a) has an even number of 2D Z2 TIs
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FIG. 2. The helical hinge states of α-Bi4I4 under four different scenarios of (001) surface terminations. (a)-(d) The label on
the top of each column indicates the layer stacking order of the considered system in the 2c−a axis, and the red letters denote
the extra (001) layer(s) compared with the case in (a). Upper panels: schematics of the helical hinge states in the b (chain)
direction. The green regions are the gapless boundaries. Middle panels: calculated band structures by using the MLWF. All
the four systems are of finite size in the a and 2c− a directions and periodic in the b direction. The zero energy is set at the
-8 meV in Fig. 6(c). The green lines are the helical hinge states, and the black lines are the gapped surface states. Because
of the unbroken inversion symmetry in even-layer systems, all the bands are doubly degenerate in (a) and (c). Lower panels:
calculated spatial densities for the helical hinge states at the energy indicated by the dashed lines in the middle panels.
from the 2D perspective and the fact that α-Bi4I4 has
trivial symmetry indicators from the 3D perspective [37–
39]. The system of B-B termination in Fig. 2(b) has one
extra (001) layer stacked to the bottom of the system in
Fig. 2(a). The new system can be viewed as a 2D Z2 TI
since it consists of an odd number of (001) layers. As
a result, a pair of helical hinge states in the b direction
emerges at the opposite sides of the bottom in Fig. 2(b).
For the B-A termination in Fig. 2(c), one extra (001)
layer is stacked to the top of the system in Fig. 2(b). In
a similar fashion, a pair of helical hinge states emerges
at the opposite sides of the top in Fig. 2(c), in addition
to the pair at the bottom. This even-layer system is triv-
ial from the perspectives of 2D Z2 TI and 3D symmetry
indictors, yet it hosts helical hinge states at all the four
hinges in the b direction. For the A-A termination in
Fig. 2(d), the bottom of the system has one extra (001)
layer compared to that in Fig. 2(c). As expected, the
edge states of the extra TI layer annihilate the bottom
hinge states in Fig. 2(c).
We note that the two odd-layer scenarios in Figs. 2(b)
and 2(d) have neither the inversion symmetry nor the
C2 symmetry of the bulk as detailed in Sec. III. In each
scenario the pair of hinge states is not related by any
symmetry. Intriguingly, the two scenario can be related
under inversion, and thus all the features in Figs. 2(b)
and 2(d) are the same, except that their hinge states are
localized at the opposite hinges. Nevertheless, the three
patterns of hinge states in Fig. 2 are all robust against
inversion symmetry breaking, as long as the disturbance
does not close the surface band gaps or hybridize the he-
lical states at different hinges. We stress that, whereas
the hinge states of α-Bi4I4 cannot be understood by the
bulk symmetry indicators, they can be captured within
the ZKM theory [14] by applying a surface topological in-
variant or a surface domain-wall argument to an effective
tight-binding model, as demonstrated in Sec. V.
C. Surface SSH model: coupled edge construction
The key features of α-Bi4Br4 and α-Bi4I4 presented in
Figs. 1 and 2 are all calculated by using the DFT-based
MLWF. In Secs. II A and II B we also deduce all these
features based on the minimal numerical results, i.e., one
of the four scenarios, and the knowledge of 2D Z2 TI. To
further explain these appealing features, now we provide
a computation-free surface argument based on the loca-
tions of inversion centers and the knowledge of 2D Z2
TI. (A similar argument also exists by considering the
locations of twofold rotation axes.) Because each (001)
monolayer is a 2D Z2 TI, the (100) side surface of β-
5Bi4X4 or α-Bi4Br4 can be viewed as a “chain” (in the
c direction) of coupled helical edge states (in the b di-
rection), and likewise the (1¯00) side surface. This fact
also applies to the (201) and (2¯01¯) side surfaces of α-
Bi4I4. (The subtle differences between the crystal struc-
tures of the two α phases are detailed in Sec. III). This
argument is analogous to the Su-Schrieffer-Heeger (SSH)
model [54], and it is valid because the nearest-neighbor
(NN) inter-layer edge tunnelings are much smaller than
the bulk band gaps.
Consider first the WTI β-Bi4X4 [44, 45] depicted in
Fig. 3(a). The primitive unit cell of β-Bi4X4 consists of
only one (001) layer. The inversion center can be placed
in a monolayer or in the middle of a bilayer. As a result,
the inversion symmetry restricts the NN inter-edge tun-
nelings to be the same between any two adjacent edges
at any side surface. Given that the tunnelings are weak,
each side surface states can be viewed as a 1D Dirac
cone along kb dispersing weakly along kc; the Dirac cone
is gapless only at the TRI points kc = 0 and pi. This is
exactly what has been predicted in a previous theory [44]
and observed in a recent experiment [45]. Therefore, both
the (100) and (1¯00) side surfaces are gapless, independent
of the number of (001) layers, as sketched in Fig. 3(d).
This is analogous to the critical point of the SSH model.
Remarkably, the β phase (an equally spaced chain of edge
states) does undergo a Peierls transition (i.e., dimeriza-
tion) to an α phase (dimerized chain of edge states) at
low temperature [44]. The critical temperature of Bi4I4
turns out to be room temperature [45, 50–53]. There
may exist an edge-state Peierls’ theorem to explain the
instability.
In the case of α-Bi4Br4, the inversion center can only
be placed in a (001) layer. Consequently, as depicted in
Fig. 3(b), the inversion symmetry only relates the NN
upper A-lower B tunneling at one side surface to the
NN lower A-upper B tunneling at the other side sur-
face, and the NN upper A-lower B and lower A-upper B
tunnelings at the same side surface generally have differ-
ent strengths. This gives rise to the unique dimerization
pattern in Fig. 3(b): the two side surfaces exhibit op-
posite dimerizations. Following the spirit of SSH model,
the dimerizations gap the strongly coupled edge states,
and any weakly coupled one left by a (001) surface ter-
mination yields a helical hinge state. As showcased in
Fig. 3(d), there are four possible terminations, and each
has a distinct pattern of hinge states. This explains the
four scenarios of hinge states featured in Fig. 1.
In the case of α-Bi4I4, by contrast, the inversion center
can only be placed between two adjacent layers. Accord-
ingly, as depicted in Fig. 3(c), the NN upper A-lower B
tunnelings at different side surfaces are related by the in-
version symmetry, and likewise the NN lower A-upper B
tunnelings. Yet, the two tunnelings generally have differ-
ent strengths. It follows that the two side surfaces exhibit
the same dimerization. Moreover, the strongly coupled
edge states become gapped, leaving the weakly coupled
ones at the hinges gapless. As showcased in Fig. 3(d),
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FIG. 3. (a)-(c) The possible inversion centers (or twofold
rotation axes) of Bi4X4 and the dimerization patterns of the
coupled edge states at the two side surfaces. The black and
blue lines denote the B- and A-type (001) layers. The red
dots denote the inversion centers (or twofold rotation axes).
The green dots denote the helical edge states in the b (chain)
direction. The double solid and single dashed red lines denote
the stronger and weaker NN inter-edge tunnelings. (d) All
possible (001) surface terminations: one for the β phase and
four for each α phase. The green lines denote the Dirac surface
states, and the green dots denote the helical hinge states.
there are four possible terminations, and three yield dis-
tinct hinge states while one is trivial. This explains the
four scenarios of hinge states featured in Fig. 2.
Clearly, a key difference between the two α phases is
whether the two side surfaces exhibit the same or oppo-
site dimerizations. For α-Bi4Br4, because of the opposite
dimerizations at the two side surfaces, there always exists
two unpaired edge states, one at the top and the other
at the bottom, independent of the termination. This is
rooted in the fact that its inversion center can only be
6placed in a (001) layer. For α-Bi4I4, because of the same
dimerization at the two side surfaces, the unpaired edge
states always appear in pair at the top or bottom (or
both). This originates from the fact that its inversion
center can only be placed between two adjacent layers.
We point out that compelling evidence of the revealed
surface dimerization patterns in the two α phases is pro-
vided by their crystal structures in Fig. 5 and effective
surface models in Eqs. (11) and (13).
D. Rotational symmetry-protected surface states
For completeness, we close this section by showing that
α-Bi4Br4 also hosts protected surface states at the (010)
and (01¯0) surfaces. The gapless surface Dirac cones are
denoted as the red crosses in Fig. 1. Based on the surface
Green’s function calculations of the MLWF for a semi-
infinite system, Fig. 4(a) features the two (010) surface
Dirac cones of α-Bi4Br4, which are protected and related
by the C2 symmetry. By contrast, a similar calculation
for α-Bi4I4 reveals no gapless surface states, although
it also has the C2 symmetry. Nevertheless, we confirm
the previous finding [39, 43] of α-Bi4Br4 being a rare
topological crystalline insulator with a surface rotation
anomaly [55] by using more accurate first-principles cal-
culations as detailed in Sec. IV. One can further verify
this result directly by evaluating a rotation invariant [55]
or indirectly by using the symmetry indicators [39, 43]
along with the inversion eigenvalues listed in Sec. IV.
Moreover, when the effects such as dangling bonds and
surface reconstruction are ignored, the two surface Dirac
points are identified at (qa, qc) = ±(0.861, 0.113)pi. When
a TRI (010) surface potential that breaks the C2 symme-
try is added in our calculation, the gapless Dirac cones
in Fig. 4(a) become gapped, as shown in Fig. 4(b). This
unambiguously demonstrates that it is the C2 symmetry
that protects the (010) surface Dirac cones. We point out
that it would be challenging to observe the gapless (010)
surface states in experiment, because the (010) surface
is not a natural cleavage plane, and because α-Bi4Br4 is
extremely soft [53]. Most likely, the C2 symmetry would
be broken by the (010) dangling bonds and surface re-
construction. Fortunately, the hinges states of our major
interest are between two natural cleavage planes. This
facilitates the future hinge state experiments.
III. CRYSTAL STRUCTURES
Both the α and β phases of Bi4X4 crystallize in the
same monoclinic space group C32h (C2/m). They have
three spatial symmetries: inversion (P), (010) mirror re-
flection (Mb), and twofold rotation around the b axis
(C2). Given that C2 =MbP, only two of the three sym-
metries are independent. The building block of Bi4X4
is an atomic chain with strongly covalent bonds between
bismuth atoms. Each chain consists of four inequiva-
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FIG. 4. (a) Gapless (010) surface states of pristine α-Bi4Br4
and (b) gapped (010) surface states of α-Bi4Br4 with a C2-
asymmetric TRI surface potential. The constant-energy con-
tours with a spacing of 0.5 meV are obtained by the surface
Green’s function calculations of the MLWF for a semi-infinite
system. The zero energy is set at the 0 meV in Fig. 6(b).
lent Bi atoms and four inequivalent X atoms. As shown
in Fig. 5(a), the two internal (external) Bi atoms are de-
noted by Biin and Bi
′
in (Biex and Bi
′
ex), and the angles be-
tween different Bi-Bi bonds are denoted by four θ’s. The
chains are oriented in the b direction and stacked via the
van der Waals forces in the a and c directions [44, 50, 56].
We note that Bi4X4 has two natural cleavage surfaces.
For β-Bi4Br4, the inter-layer binding energy for the (001)
and (100) planes are respectively 20 and 25 meV/A˚2
(slightly larger than that of graphite and smaller than
that of MoS2) [44]. These values are consistent with the
fact that for the inter-chain distances c is slightly larger
than a/2 as detailed in Appendix A. For the other three
materials, the binding energies are in the same range.
Nevertheless, this unique property of quasi-1D materi-
als highlights the β phase as a prototype WTI [44] that
bears surface selective hallmarks. Moreover, the absence
of dangling bonds for hinges between the two cleavage
surfaces renders the two α phases ideal platforms for ex-
ploring HOTIs that host helical hinge states.
A. Crystal structure of β-Bi4X4
While β-Bi4I4 has been experimentally synthesized [45,
50, 57], β-Bi4Br4 is a designed material [44] based on the
same crystal structure of β-Bi4I4. The dynamic stability
of β-Bi4Br4 has been demonstrated through the phonon
spectrum calculations [44]. Nevertheless, their detailed
crystal structure data are provided in Appendix A.
Each atomic chain is inversion symmetric in β-Bi4X4,
as seen in Fig. 5(a). Under inversion, the Biin and Biex
atoms are reflected into the Bi′in and Bi
′
ex atoms, respec-
tively. In addition, each chain is mirror-symmetric with
respect to any (010) plane that contains the Bi atoms.
The mirror and inversion symmetries dictate that θ1 = θ
′
1
and θ2 = θ
′
2, respectively.
Each (001) monolayer of β-Bi4X4 consists of equally
spaced atomic chains in the a direction, as shown in
Fig. 5(b). Two adjacent chains are displaced from each
7other by constant vectors a1,2 = (a ∓ b)/2. The mono-
layer is inversion- and mirror-symmetric, with the same
inversion centers and mirror planes as its individual
chains. In addition to the intra-chain inversion centers off
the mirror planes, there exist inter-chain inversion cen-
ters in the mirror planes between two adjacent chains, as
shown in Fig. 5(b). It follows that the monolayer is also
invariant under a twofold rotation (C2 = MbP) around
the b axis across the inter-chain inversion centers.
As shown in Fig. 5(c), bulk β-Bi4X4 is a periodic stack
of (001) layers in the c axis, which is normal to the b axis
and 107.87◦ (β in Appendix A) above the a axis. Given
that c ⊥ b, the bulk crystal has the same mirror planes
as its individual monolayers. Remarkably, the bulk in-
version center of β-Bi4X4 can be placed not only in a
(001) layer but also in the middle of two adjacent layers,
and likewise the twofold rotation axis.
B. Crystal structure of α-Bi4Br4
Each (001) monolayer of α-Bi4Br4 has the same crystal
structure as that of β-Bi4X4, except for the slightly differ-
ent lattice constants and intra-chain parameters listed in
Appendix A. Unlike β-Bi4X4, two adjacent layers are not
related by any symmetry, as shown in Fig. 5(d). For in-
stance, although the two layers have the same inter-chain
distance in the a axis, the key intra-chain parameters θ’s
are different for the two layers. As a result, the primitive
unit cell consists of two (001) layers. Bulk α-Bi4Br4 has
the same symmetries as β-Bi4X4: inversion, (010) mirror
reflection, and twofold rotation around the b axis. How-
ever, the inversion center and the rotational axis of bulk
α-Bi4Br4 can only be placed in a (001) layer. The de-
tailed crystal structure data are provided in Appendix A.
C. Crystal structure of α-Bi4I4
For each atomic chain of α-Bi4I4, the (010) mirror
symmetry is preserved such that θ1 = θ
′
1, whereas the
inversion symmetry is broken as indicated by θ2 6= θ′2.
Even for a (001) monolayer of α-Bi4I4, only the mirror
symmetry is present. For bulk α-Bi4I4, however, the in-
version and twofold rotational symmetries are restored,
as each symmetry relates two adjacent layers. Similar to
α-Bi4Br4, the primitive unit cell of α-Bi4I4 consists of
two (001) layers. Different from α-Bi4Br4, the inversion
center and the rotational axis of bulk α-Bi4I4 can only
be placed in the middle of two adjacent layers.
Bulk α-Bi4I4 exhibits a clear difference from the other
three materials in how the (001) layers are stacked, as
shown in Fig. 5(e). This is best indicated by the an-
gle between the c and a axes, β = 87.04◦ [58], which is
significantly different from ∼ 107◦ of the other three ma-
terials. If c′ = 2c−a was the primitive lattice vector, the
stacking direction would be the same as the other three
materials, but there would be four layers per primitive
(a)
θ2θ1
θ2
Biex
Biin
Biin
Biex
′
′′
′
θ1
(b)
a1
a2
′θ1
θ1
a
b
b
c
(e)
a
c′ = 2c − a
b
c′
α-Bi4I4
(c)
a
c
b
c
β-Bi4X4
(d)
a
c
b
c
α-Bi4Br4
FIG. 5. (a) An atomic chain as the building block of Bi4X4.
The purple (brown) balls are the Bi (X) atoms. (b) A (001)
monolayer of Bi4X4. The black diamond is a primitive unit
cell. The red dots are possible inversion centers. The dashed
red line is a mirror plane. (c)-(e) Left panels: the bulk struc-
tures of β-Bi4X4, α-Bi4Br4, and α-Bi4I4 viewed from the b¯
axis. The solid black lines sketch the primitive unit cells. The
X atoms are omitted for better illustration. The green bub-
bles indicate the dimerization patterns of the NN inter-edge
tunnelings. Right panels: the side monolayers in the dashed
black frames in the left panels viewed from the a axis.
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FIG. 6. The 3D bulk and (001) monolayer ribbon band structures of (a) β-Bi4Br4, (b) α-Bi4Br4, (c) α-Bi4I4, and (d) β-Bi4I4.
The SOC is not included in the top panels but included in the middle and bottom panels. The size of red (blue) dots indicates
the weight of the px orbital of Biin (Biex) atoms. The ± signs label the inversion eigenvalues at the L and M points, with the
inversion centers in (001) layers in (a), (b), and (d) but in the middle of two adjacent layers in (c). The green lines are the
helical edge states (degenerate for two edges in (a), (b), and (d)), implying that the four (001) monolayers are all 2D Z2 TIs.
unit cell. Nevertheless, there exists a shorter inter-layer
lattice vector c, and the true primitive unit cell only con-
tains two layers. As such, the natural cleavage surface of
α-Bi4I4, corresponding to the (100) surface of the other
three materials, is the (201) surface [50]. The detailed
crystal structure data are provided in Appendix A.
D. Atomic dimerization in α-Bi4X4
From the crystal structures in Fig. 5, the dimeriza-
tion patterns at the side surfaces sketched in Fig. 3 can
be visualized clearly. For β-Bi4X4 in Fig. 5(c), the NN
inter-edge tunnelings are the same at both the (100) and
(1¯00) side surfaces between any two adjacent (001) lay-
ers. Thus, the two surfaces share the same dimerization
pattern resembling the critical point of the SSH model.
For α-Bi4Br4 in Fig. 5(d), the highlighted NN inter-layer
tunnelings are the same in the bulk between any two ad-
jacent (001) layers. At the (100) and (1¯00) side surfaces,
however, the closer the Biex/Bi
′
ex atoms are to the vac-
uum, the weaker their tunnelings are. This leads to op-
posite dimerization patterns at the two side surfaces. By
sharp contrast, for α-Bi4I4 in Fig. 5(e), the highlighted
NN inter-layer tunnelings are even evidently different in
the bulk. It follows that the dimerization patterns at the
(201) and (2¯01¯) side surfaces are the same.
IV. BAND STRUCTURES
With the crystal structures of Bi4X4 in Fig. 5 and Ap-
pendix A, we carry out the DFT calculations to obtain
their electronic band structures and analyze their topo-
logical band properties. The DFT calculations were per-
formed by using the projector augmented wave method
implemented in the Vienna ab initio simulation pack-
age [59] and the Perdew-Burke-Ernzerhof parametriza-
tion of the generalized gradient approximation for the
exchange correlation potential [60, 61]. In order to obtain
more accurate band gaps and band inversions, we apply
the more sophisticated Heyd-Scuseria-Ernzerhof (HSE)
hybrid functional method [62] to the calculations. We
employ the DFT results and the Wannier90 code [63–65]
to construct the MLWF for the p orbitals of Bi and halo-
gens. Based on the MLWF, we derive the electronic band
9structures in Figs. 1-3 for finite-size systems. The meth-
ods here are the same as those in our previous work [44].
Figure 6 displays the bulk band structures and band in-
versions for β-Bi4Br4, α-Bi4Br4, α-Bi4I4, and β-Bi4I4.
A. Symmetry indicators of Bi4X4
Informed by the band inversions in Fig. 6, we can ob-
tain the symmetry indicators of the space group C2/m
(No. 12) (Z2,Z2,Z2;Z4) [33, 35]: (001; 2) for β-Bi4Br4,
(110; 1) for β-Bi4I4, and (000; 2) for α-Bi4Br4 with their
inversion centers placed in (001) monolayers and (000; 0)
for α-Bi4I4 with its inversion center placed in the middle
of two adjacent (001) layers. The first three Z2 indices
are the Fu-Kane weak indices [66], and the Z4 index is
the total number of band inversions modulo 4 [33, 35].
β-Bi4Br4 is a prototype WTI that can be viewed as a pe-
riodic stack of 2D Z2 TIs with one TI layer per unit cell.
While our calculation predicts β-Bi4I4 to be a STI, two
recent ARPES experiments obtained contrasting conclu-
sions: STI versus WTI [45, 57]. In fact, a small strain can
tune β-Bi4I4 to a WTI [44], and the (001) monolayer of
β-Bi4I4 is indeed a 2D Z2 TI as shown in Fig. 6. For the
purpose of understanding the two α phases, we view the
two β phases as the WTI with interlayer couplings much
smaller than band gaps. Notably, in the same classifica-
tion based on the symmetry indicators, while α-Bi4Br4
is a HOTI with Z4 = 2, α-Bi4I4 is topologically trivial in
all possible classes. However, α-Bi4I4 is also a true HOTI
as clearly evidenced in Fig. 2.
B. Unit cell doubling of β-Bi4X4
Now we show that the band inversions and symmetry
indicators of the two α phases can be directly understood
by applying zone folding to the β phase WTI yet choosing
two different locations for their inversion centers.
Doubling the unit cell in the c axis folds the TRI mo-
menta with q3 = pi back to those with q3 = 0. This
implies that, due to the zone folding, all the band in-
versions in the q3 = pi plane move to the correspond-
ing TRI momenta in the q3 = 0 plane. Moreover, at
the new TRI momenta in the reduced Brillouin zone
(BZ) with q′3 = pi, the inversion eigenstates are symmet-
ric and antisymmetric combinations of the band states
at q3 = ±pi/2 in the original BZ, i.e., |q′3 = pi,±〉 =
(|q3 = pi/2〉 ± |q3 = −pi/2〉) /
√
2, where P |q3 = ±pi/2〉 =
|q3 = ∓pi/2〉 and q1, q2 = 0 or pi implicitly. Consequently,
the band states at the TRI momenta with q′3 = pi are
four-fold degenerate, and for each degeneracy the two
Kramers pairs have opposite inversion eigenvalues. This
implies that the TRI momenta with q′3 = pi are irrelevant
to the Z2 and Z4 indices.
When the inversion center is placed in a (001) mono-
layer, Fig. 7(a) sketches the two band inversions of the
β phase WTI at (pi, pi, 0) and (pi, pi, pi) in the original
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−
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−
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−+
+
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π
π
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− −
− −
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− +
− +
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q′3
q′3
2π
π
0
π
π
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q1
q2
2π
π
0
π
π
FIG. 7. The inversion eigenvalues of the occupied bands at
the TRI momenta for the β phase WTI, modeled by Eqs. (2)
and (4). Different inversion centers and primitive unit cells
are chosen in (a) and (c). Illustrating the band inversions
in α-Bi4Br4 and α-Bi4I4, respectively, (b) and (d) are the
doubled unit cell counterparts of (a) and (c). In the bottom
panels, the solid lines, dashed boxes, and red dots denote the
(001) layers, unit cells, and inversion centers, respectively.
BZ. This implies the symmetry indicators (001; 2). For
the same choice of inversion center, the two band inver-
sions appear at (pi, pi, 0) in the reduced BZ as sketched in
Fig. 7(b), and the symmetry indicators become (000; 2),
which also characterizes α-Bi4Br4. When the inversion
center is shifted to the middle of two adjacent (001) lay-
ers, the inversion operator acquires a factor e−iq3 , and the
inversion eigenvalues switch signs at the TRI momenta
with q3 = pi. In this choice of inversion center, in addi-
tion to the band inversion at (pi, pi, 0), there are three
band inversions at (0, 0, pi), (0, pi, pi), and (pi, 0, pi), as
sketched in Fig. 7(c). This implies the symmetry indica-
tors (001; 0). In the reduced BZ as sketched in Fig. 7(d),
there is one band inversion at each TRI momentum in
the q3 = 0 plane, and the symmetry indicators become
(000; 0), which also characterizes α-Bi4I4.
Clearly, while the Z2 indices are not robust against the
unit cell doubling, they remain the same under the inver-
sion center shifting. By contrast, the Z4 index behaves in
the opposite manner. Both Figs. 7(a) and 7(c) illustrate
the band inversions of the β phase WTI, since its inver-
sion center can be placed either in a (001) layer or be-
tween two adjacent layers. Moreover, Figs. 7(b) and 7(d)
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FIG. 8. The band evolution at the L and M points near
the Fermi energies of Bi4X4. From left to right, we con-
sider the electronegativity of the atomic orbitals, the splitting
due to the (010) mirror symmetry, the formation of bonding
and anti-bonding states as a result of the intra- and inter-
chain couplings, and the possible band inversion driven by
the SOCs. The details are explained in the text.
illustrate the band inversions of α-Bi4Br4 and α-Bi4I4,
respectively, since the additional inter-layer couplings in-
duced by the structure transitions are sufficiently weak
compared with the bulk band gap of the β phase WTI.
In fact, those weak couplings play two roles in deter-
mining the symmetry and topology of the two α phases.
First, they reduce the translational symmetry, opening
the side surface band gaps. Second, they reduce the in-
version symmetry, fixing the inversion center locations.
These two effects lead to Z4 = 2 for α-Bi4Br4 and Z4 = 0
for α-Bi4I4. More fundamentally, they together give rise
to the surface SSH models in Sec. II C and the surface
topological invariants in Sec. V E.
C. Band evolution of Bi4X4
To better understand the physical mechanism of the
band inversions revealed in Sec. IV, now we explain the
band evolution of Bi4X4 at various stages [44, 67]. We
first elucidate the case for the β phase and then generalize
it to the α phase, as illustrated in Fig. 8.
Due to the large electronegativity of halogen atoms,
the bands near the Fermi energy are mainly determined
by the 6p orbitals of bismuth atoms. First, consider
the (010) mirror symmetry. The py orbitals are decou-
pled from the px,z orbitals since their mirror eigenval-
ues are different. Given the atomic chain orientation,
the energies of py orbitals are higher than those of px,z
orbitals; the hopping between py orbitals is of σ-type,
whereas that between px,z orbitals is of pi-type. Then,
consider the inversion symmetry in a chain. Biin/ex and
Bi′in/ex atoms are reflected to each other under inversion.
They form the bonding and anti-bonding states split in
energy: |Biin/ex, p±i 〉 = (|Biin/ex, pi〉 ± |Bi′in/ex, pi〉)/
√
2,
where i = x, y, z.
Next, we count the stronger intra-chain couplings. Be-
cause of the short Biin-Bi
′
in distance, the energy splittings
between states |Biin, p±x 〉 and between states |Biin, p±y 〉
are large. On the contrary, the large Biex-Bi
′
ex distance
results in negligible energy splittings. However, states
|Biex, p±x,y〉 can be coupled to states |Biin, p±x,y〉 via the
pi-bonding and acquire splittings in the opposite fash-
ion of |Biin, p±x,y〉. Due to the σ-bonding between states
|Biin, p±z 〉 and |Biex, p±z 〉, the pz orbitals split and shift
far away from the Fermi energy.
Moreover, we take into account the weaker inter-chain
couplings. As the chains are closer in the a direction
than in the c direction, the energy splitting mainly oc-
curs within each (001) layer due to the couplings in the
a direction. Two adjacent chains in the same layer can
be related by the inversion symmetry, and their states
|Biin/ex, p±x 〉 form the bonding and anti-bonding states
|Biin/ex, p±x ,±〉, where the new ± signs denote the inver-
sion eigenvalues. As a results, the states |Biin, p+x ,−〉 and
|Biex, p−x ,+〉 become the valence and conduction bands
closest to the Fermi energy, respectively.
Finally, we include the effect of spin-orbit couplings
(SOC). The SOCs mix the px orbitals with the py,z or-
bitals that have the same inversion eigenvalues. As a
result, band inversions occur near the Fermi energy at
either one or both of the two TRI momenta L and M ,
and Bi4X4 become topologically nontrivial.
The above picture for the β phase equally applies to
α-Bi4Br4, as its inversion center is also in a (001) layer.
For α-Bi4I4, as its inversion center is in the middle of two
adjacent layers instead, the two pairs of ± signs above
should be both interpreted as the labels of bonding and
anti-bonding states, and the NN inter-chain couplings in
the c direction needs to be further considered for states
|Biin, p+x ,−〉 and |Biex, p−x ,+〉 to form the inversion eigen-
states that are eventually band-inverted by the SOCs.
V. EFFECTIVE TIGHT-BINDING MODELS
We construct the effective tight-binding model for both
α- and β-Bi4X4 based on their crystal and band struc-
tures revealed in Secs. III and IV. We start from the
construction of the WTI model for the β phase and then
derive the models for the two distinct α phases by apply-
ing zone folding and Peierls distortion. With reasonable
sets of parameter values in Appendix B, our models well
fit the band inversions and band structures in Fig. 6, as
shown in Fig. 9. Imposing a topological boundary condi-
tion [68], we derive the surface states that resemble the
SSH model and propose a surface topological invariant
that explains the hinge state patterns in Figs. 1-3.
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FIG. 9. The band structures (black) and band inversions (±) of (a) β-Bi4Br4, (b) α-Bi4Br4, (c) α-Bi4I4, and (d) β-Bi4I4 in
Fig. 6 fitted by our effective tight-binding models (red) evaluated by the set of parameter values in Appendix B.
A. β-Bi4X4 model
We choose a basis in which the three spatial symme-
tries discussed in Sec. III and the T symmetry can be
specified as follows:
P = σz, Mb = isy, C2 =MbP, T = iKsy, (1)
where K is the complex conjugation. As such, the low-
energy model for β-Bi4X4 can be built by using the four
basis states |+, ↑〉, |+, ↓〉, |−, ↑〉, and |−, ↓〉, where ± and
↑ / ↓ denote the eigenvalues of σz and sz, respectively. As
illustrated in Fig. 8, the |σz = ±〉 states are mainly from
the px orbitals of Biin/out atoms, and the |sz = ↑ / ↓〉
states are dominated by the electron spins.
We further assume that the four basis states are local-
ized in (001) layers and consider only the NN (intra-layer)
intra-chain, NN (intra-layer) inter-chain, and NN inter-
layer (inter-chain) hopping processes, as well as the on-
site potentials. It follows that the symmetries in Eq. (1)
dictate the β phase Hamiltonian to be
Hβ=HL+ 2(dc +mcσz) cos q3 + 2(tcσxsy + t
′′
cσy) sin q3,
HL=Mσz + (taσy + t
′′
aσxsy)(sin q1 + sin q2)
+D + (tbσxsz + t
′′
bσxsx) sin (q2 − q1),
M = m0 +ma(cos q1 + cos q2) +mb cos (q2 − q1),
D = d0 + da(cos q1 + cos q2) + db cos (q2 − q1), (2)
where HL is the (001) monolayer Hamiltonian, qi = k·ai,
and a1,2 = (a∓b)/2 and a3 = c are the primitive lattice
vectors shown in Fig. 5.
For simplicity, we set t′′a = t
′′
b = t
′′
c = 0 in Eq. (2) here-
after. We may interpret ti  t′′i (i = a, b, c) as follows.
As the |σz = ±〉 states are mainly from the px orbitals,
spin independent hopping processes dominate in the a
direction, i.e., ta  t′′a. As the contribution of pz orbitals
is negligibly weak at the Fermi energy, the SOC terms
∝ sz dominate those ∝ sx,y, i.e., tb  t′′b . Near the L
and M points in Fig. 6(a), the bands in the absence of
the SOCs become much steeper when the SOC effect is
taken into account, i.e., tc  t′′c .
To derive the α phase models, we apply zone folding
to Eq. (2) by doubling the unit cell in the c direction.
This model with two (001) layers per unit cell reads
H¯β = HL + 2(dc +mcσz)τx cos
q3
2
+ 2tcσxsyτx sin
q3
2
, (3)
where τz = ± denote the even and odd (001) layers.
Note that in this model the inversion operator becomes
P = σzτx for inversion center placed in the middle of two
adjacent layers and remains P = σz for inversion center
placed in a layer. In order to make this model periodic
in q3, we further perform the gauge transformation in
Appendix C and obtain
H˜β = HL + (dc +mcσz)[τx + (τx cos q3 + τy sin q3)]
+ tcσxsy[τy − (τy cos q3 − τx sin q3)], (4)
in which the inversion operator remains P = σzτx for
inversion center placed in the middle of two adjacent lay-
ers and becomes P = σz(1 + τz)/2 + eiq3σz(1− τz)/2 for
inversion center placed in a layer. Note that a3 = 2c in
both Eqs. (3) and (4).
For the models in Eqs. (2)-(4) to describe the WTI
with band inversions at the M and L points, (pi, pi, 0)
and (pi, pi, pi), Mpi,pi < −2|mc| and M0,0, Mpi,0 > 2|mc|
are dictated based on the Fu-Kane criterion [66]. The
models for α-Bi4Br4 and α-Bi4I4 are derived below by
introducing additional symmetry-allowed terms to the
zone-folded β phase model. From the bulk perspective,
these terms may seem secondary, as they simply shift the
energies of bands and remove the accidental degeneracies
of the zone-folded β phase model; when their energy scale
is smaller than the gap along theML line∼ |Mpi,pi±2mc|,
the two α phase models are equivalent to the zone-folded
β phase model, as shown in Sec. IV B. More substantially,
these terms reduce the translational and inversion sym-
metries by choosing a location for the inversion center.
From the surface perspective, these terms are essential.
They open the side surface band gaps in Sec. V D, yield
the surface SSH models in Sec. II C, and validate the
surface topological invariants in Sec. V E.
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B. α-Bi4Br4 model
In contrast to the β phase, the primitive unit cell of α-
Bi4Br4 consists of two (001) layers, and its inversion cen-
ter can only be placed in a layer. Thus, Eq. (3) provides a
reasonable, convenient starting point to construct the ef-
fective tight-binding model for α-Bi4Br4. Moreover, the
even and odd (001) layers are nearly (001) mirror images
of each other. Given szH
Lsz = H
L, the crystal symme-
tries, and the orbital characters, with the zeroth order
corrections, α-Bi4Br4 can be described by
H¯αBiBr = H¯
β + (d′0 +m
′
0σz)τz + 2t
′
cσysyτy sin
q3
2
+ 2(d′c +m
′
cσz)syτy cos
q3
2
, (5)
for which P = σz. In Eq. (5) the terms ∝ τz characterize
the differences between the even and odd layers, and the
terms ∝ τy are new SOCs. To make this model periodic
in q3, we further perform the gauge transformation in
Appendix C and obtain
HαBiBr= H˜
β + (d′0 +m
′
0σz)τz
+ t′cσysy[−τx + (τx cos q3 + τy sin q3)]
+ (d′c +m
′
cσz)sy[τy + (τy cos q3 − τx sin q3)], (6)
for which P = σz(1 + τz)/2 + eiq3σz(1− τz)/2.
C. α-Bi4I4 model
Although the primitive unit cell of α-Bi4I4 also consists
of two (001) layers, different from α-Bi4Br4, its inversion
center can only be placed in the middle of two adjacent
layers. For this reason, while the even and odd layers are
related to each other, the inter-layer spacings become not
uniform any more. In this case, the inter-layer couplings
become alternating in α-Bi4I4, and Eq. (4) is a more
convenient starting point to construct its effective tight-
binding model. Considering the alternating couplings,
we find that α-Bi4I4 can be described by
HαBiI = H
L + tσxτz + t
′σysyτz + [(dc +mcσz)τx
+ (d′c +m
′
cσz)(τx cos q3 + τy sin q3)]
+ σxsy[tcτy − t′c(τy cos q3 − τx sin q3)], (7)
for which P = σzτx. In Eq. (7), the terms ∝ τz are extra
symmetry-allowed zeroth order corrections and charac-
terize the differences between the even and odd layers.
Note that Eq. (7) does not count the relative shifts be-
tween adjacent layers within the a-b plane. Appendix D
provides a more accurate model that takes into account
this ignored effect. In fact, the more accurate model re-
duces to Eq. (7) near the ML line.
D. Surface SSH dimerization
Following the ZKM theory [14, 68], we can impose the
topological boundary conditions in the (100) and (1¯00)
directions and obtain the surface states for the two cases.
This allows us to derive the surface SSH models in Fig. 3,
formulate a surface topological invariant determining the
hinge state patterns in Figs. 1 and 2, and characterize
the topological distinctions between the two α phases.
We start from the β phase WTI that has two band
inversions, one at M point (pi, pi, 0) and one at L point
(pi, pi, pi). Near the ML line, Eq. (2) yields the following
(100) and (1¯00) surface Hamiltonians
hβ = Dpi,pi + ηtbszqb + 2dc cos q3 + 2ηtcsy sin q3, (8)
where Dpi,pi = d0−2da+db. Note that the (100) and (1¯00)
surface states are the eigenstates of σx with η = ± eigen-
values, respectively [68]. As a result, those terms anti-
commuting with σx in Eq. (2) only produce hybridization
between the two surfaces [14], which is negligibly weak
when the two surfaces are well separated, and can thus be
safely ignored in Eq. (8). In fact, the two surface models
in Eq. (8) can be constructed by directly considering the
symmetries in Eq. (1) and the orbitals in Fig. 8. Each
surface model in Eq. (8) describes two connected gap-
less Dirac cones respecting Mb symmetry, one at (0, 0)
and the other at (0, pi) with different Dirac-point ener-
gies. The two surface models in Eq. (8) can be related
by P or C2 symmetry.
Similar to Eq. (4), we apply zone folding to Eq. (8) by
doubling the unit cell in the c direction and obtain
h˜β = Dpi,pi + ηtbszqb + dc[τx + (τx cos q3 + τy sin q3)]
+ ηtcsy[τy − (τy cos q3 − τx sin q3)]. (9)
It is clear that the two Dirac surface states in Eq. (8)
are folded into (0, 0) in Eq. (9), and that they remain
gapless. Moreover, from the terms ∝ τx,y in Eq. (9), the
inter-layer tunneling-up and -down matrices read
T β,± = dc ∓ iηsytc, (10)
which implies no surface dimerization since |T β,+| =
|T β,−|. The gapless nature and the absence of dimer-
ization agree well with the edge construction in Sec. II C
that the WTI side surface models are analogous to the
critical point of the SSH model.
In the same fashion, Eqs. (6) and (7) respectively yield
the (100) and (1¯00) surface Hamiltonians of α-Bi4Br4
hαBiBr = h˜
β + d′csy[τy + (τy cos q3 − τx sin q3)] + d′0τz,(11)
with the inter-layer tunneling-up and -down matrices
Tα,±BiBr = dc − isy(d′c ± ηtc), (12)
and the (201) and (2¯01¯) surface Hamiltonians of α-Bi4I4
hαBiI = Dpi,pi + ηtbszqb + [dcτx + d
′
c(τx cos q3 + τy sin q3)]
+ ηsy[tcτy − t′c(τy cos q3 − τx sin q3)] + ηtτz, (13)
with the inter-layer tunneling-up and -down matrices
Tα,+BiI = dc − iηsytc, Tα,−BiI = d′c + iηsyt′c. (14)
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Evidently, surface dimerization is present in Eqs. (11)
and (13), as |Tα,+BiBr| 6= |Tα,−BiBr| and |Tα,+BiI | 6= |Tα,−BiI |. Simi-
larly in the two cases, the dimerization gaps the two sur-
face states at (0, 0) in Eq. (9). Differently, the dimeriza-
tion is characterized by ηtcd
′
c in Eq. (11) and by |dc|−|d′c|
and |tc| − |t′c| in Eq. (13); the former only exists at the
surfaces, whereas the latter even exists in the bulk. More-
over, for the two spins (sy = ±) the dimerization patterns
are the same in both cases, however, for the two side sur-
faces (η = ±) the dimerization patterns are the same
for α-Bi4I4 but opposite for α-Bi4Br4. All these results
agree well with the edge construction in Sec. II C and the
atomic dimerization in Sec. III D.
E. Surface topological invariants
From the analysis above, it is clear that a mirror (or
sy-resolved) winding number [69] can be used to charac-
terize the topological properties of the two surface models
in Eqs. (11) and (13). This is allowed because in the c di-
rection these surface models are 1D tight-binding models.
Applying the results in Appendix E here and considering
the terms ∝ τx,y at qb = 0 only, we obtain
γ
η,sy
BiBr = Θ (−ηtcd′c) (15)
for the model in Eq. (11) and
γ
η,sy
BiI = Θ
(√
d′c
2 + t′c
2 −
√
dc
2 + tc
2
)
(16)
for the model in Eq. (13), with Θ the Heaviside function.
For both α-Bi4Br4 and α-Bi4I4, their winding numbers
are independent of sy. This implies that the topological
invariants and dimerization patterns are robust against
mirror symmetry breaking. At the two opposite side sur-
faces, the winding numbers are different for α-Bi4Br4
but the same for α-Bi4I4. Both conclusions are consis-
tent with the dimerization analyses in Secs. II C, III D,
and V D. Although a winding number is gauge depen-
dent, the differences in winding number between the two
opposite side surfaces (of the same α phase) and between
the two different α phases are both gauge invariant.
The terms ∝ τz in Eqs. (11) and (13) break the chiral
symmetry and seem to make the winding numbers in
Eqs. (15) and (16) meaningless. In general, as the chiral
symmetry breaking produces particle-hole asymmetry, a
zero-energy bound state implied by a nontrivial winding
number is not necessarily pinned to the middle of band
gap and can be removed perturbatively. However, this is
not the case here. The pairs of zero modes implied by the
nontrivial winding numbers become dispersive across the
surface band gaps in the presence of the terms ∝ qb [70]
and form helical hinge states with gapless Dirac points
at qb = 0, which is protected by the T symmetry.
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FIG. 10. Schematics of inversion symmetric (a) α-Bi4Br4 and
(b) α-Bi4I4 samples with or without helical hinge states. The
relative signs of the mass term gapping the two surface Dirac
cones are indicated in red. The hinge states along the domain
walls switching the mass signs are indicated in green. (The
other two hinge state patterns for α-Bi4Br4 are not shown.
The C2 symmetry is not considered here.)
F. Domain wall argument
Although the dimerization analyses and the topologi-
cal invariants above are sufficient to understand the he-
lical hinge states of the two α phases, here we briefly
discuss how to use the ZKM theory [14, 68] to construct
domain walls (DW) and deduce the presence or absence
of hinge states. This DW method has been employed
to obtain the original higher-order chiral TI [14] and to
demonstrate several more recent examples [16–18, 20–
23, 29, 55, 71].
Consider the local frame of a generic surface formed by
a vector j along the hinge, the outward surface normal
k, and the direction i = j×k (at the surface). While the
j axis is fixed, the k and i axes co-move with the sur-
face. As the bulk translational symmetry is broken in the
k direction by a topological boundary condition, we can
derive a surface Hamiltonian that describes all the sur-
faces sharing the same hinge in the j direction [68]. For
a generic surface, the two resulting surface Dirac cones
are gapped due to a hybridization mass.
For α-Bi4Br4, viewed in the local frame, the P symme-
try dictates the mass term to have the opposite signs at
two opposite surfaces. This is because the dimerization
of α-Bi4Br4 is a surface effect as revealed in Sec. V D. As
a result, depending on the relative sign of the mass term
at the top surface, an inversion symmetric sample ex-
hibits one loop of hinge states in one of the two fashions,
as depicted in Fig. 10(a). (The mass term at the (010) or
(01¯0) surface is odd under the C2 rotation, restoring the
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two gapless Dirac cones.) For α-Bi4I4, however, the P
symmetry dictates the mass term to have the same sign
at two opposite surfaces. In fact, the mass term has the
same sign for all the side surfaces, since the dimeriza-
tion of α-Bi4I4 is a bulk effect as revealed in Sec. V D. It
follows that, depending on the relative sign of the mass
term at the top surface, an inversion symmetric sample
hosts either no hinge states or two loops of hinge states,
as depicted in Fig. 10(b). These are consistent with the
results presented in Figs. 1(a), 1(c), 2(a), and 2(c).
VI. DISCUSSION AND EXPERIMENT
Although both are HOTIs with helical hinge states,
α-Bi4Br4 is more intrinsic (bulk-obstructed) whereas α-
Bi4I4 is more extrinsic (boundary-obstructed) [72, 73].
As featured in Figs. 1 and 2, attaching a 2D TI to the
(001) surface can annihilate an existing hinge state of
α-Bi4I4 but not that of α-Bi4Br4. Markedly, their clear
distinction in the hinge state pattern highlights the criti-
cal role played by the location of inversion center that has
so far been overlooked in the literature. Fundamentally,
as only the T symmetry is required to protect a local 1D
helical mode, the helical hinge states are robust against
the P symmetry breaking, as long as the perturbation
neither closes the gaps of different surfaces nor hybridizes
the states at different hinges. This is in sharp contrast
to the case of topological mirror insulators and supercon-
ductors [69, 74], in which the mirror symmetry breaking
exclusively removes the gapless boundary modes. Given
that the symmetry indicators of α-Bi4I4 are completely
trivial [37–39], our results imply that there are likely to
be many topological materials beyond the scope of sym-
metry indicators and awaiting to be discovered.
We stress that the effective models for the side surface
states in Sec. V are continuum models in the chain di-
rection but lattice models in the stacking direction. As
the side surface states can be constructed by the helical
edge states of (001) monolayers that are 2D Z2 TIs, it
does not exist any lattice model to account for the sur-
face states in the chain direction. However, this is not
the case in the stacking direction, as there are neverthe-
less dual surface Dirac cones that are gapless in the WTI
case but gapped in the HOTI case. Best displayed by the
quasi-1D Bi4X4, this special feature reflects the intimate
relations between the HOTI, WTI, and 2D TIs.
Given that the (001) monolayers of the four materials
are all 2D Z2 TIs as shown in Fig. 6, one may won-
der whether their (100) ((201) for α-Bi4I4) films are also
TIs. Our MLWF-based calculations and effective tight-
binding models both indicate that their monolayers and
the β-Bi4X4 film of any thickness are Z2 trivial. However,
any α-Bi4Br4 (100) film thicker than three layers [75] is a
Z2 TI. This can be understood by the top panels of Fig. 1:
each scenario has one hinge state at the top surface and
one at the bottom. As the (100) thickness decreases, the
two hinge states turn into the two edge states, as long
as the inter-edge coupling in a (001) layer is sufficiently
small compared with the inter-edge coupling between two
(001) layers. On the contrary, an α-Bi4I4 (201) film of
any thickness is Z2 trivial. As each surface in the top
panels of Fig. 2 has either zero or two hinge states, for a
(201) film either there is no edge state or the dual edge
states acquire a hybridized gap, though, which is small
for a thick film. This offers a different perspective on the
distinction between the two HOTIs.
A variety of experiments can be carried out to exam-
ine our predictions. The structure transition between the
high-temperature β and low-temperature α phases can be
characterized by the resistance discontinuity and its hys-
teresis in bulk transport [53] and by the gapless or gapped
nature of side surface states in ARPES [45, 57, 76], in ad-
dition to single crystal X-ray diffraction, scanning tun-
neling microscopy (STM) [20], and transmission electron
microscopy (TEM). For different phases, their unique Lif-
shitz transitions in the surface states can be revealed by
ARPES. For the two α phases, the hidden dimerization
can be unambiguously determined by STM and TEM,
and the hinge states can be directly imaged by microwave
impedance microscopy (MIM) [77–80]. For odd (001)
layers, the quantum spin Hall effect can be detected in
edge transport, and the edge states can be mapped by
MIM. (Recently, the observations of α-Bi4Br4 hinge/edge
states in ARPES and infrared absorption spectroscopy
have been reported [81, 82]. Based on our results here,
what have been observed in these two experiments ap-
pear to be the gapped (100) surface states.)
A plethora of hinge state signatures can be obtained in
a gate-tunable multi-terminal device. In such a device,
the Fermi energy can be tuned by a gate voltage into
the bulk, surface, and hinge states. (i) The charge neu-
trality point is set by the Dirac points of gapless hinge
states. (ii) While the surface states have a much larger
density of states (DOS), a 1D helical mode has a con-
stant DOS, i.e., 1/pi~vF . The total DOS in the surface
state gap can be used to estimate the number of hinges,
step edges, or/and stacking faults that host 1D helical
modes. (iii) The sign of Hall coefficient can indicate
whether the Fermi energy crosses the electron or hole
surface band and infer the size of surface state gap. (iv)
In the surface state gap, nonlocal conductances can be
analyzed to determine the hinge state pattern and layer
stacking order. (v) From weak antilocalization in mag-
netotransport, the temperature dependence of dephas-
ing lengths can be extracted. The Nyquist length Ln
and the phase coherence length Lϕ should both scale as
T−1/3, T−1/2, and T−3/4 for the hinge, surface, and bulk
states, respectively [83–85]. (vi) The spatial distribution
of surface and hinge conductances can be mapped by the
aforementioned MIM. (vii) The helical hinge states have
Fermi velocities ∼ 3.5 − 6 × 105 m/s [86] and confine-
ment lengths < 1 nm, similar to the case of bismuthene
on SiC(0001) [87]. The anticipated helical Tomonaga-
Luttinger liquid behavior can be probed via the power-
law dependences on energy and temperature in tunneling
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spectroscopy [87–89].
Our results establish a new TI physics paradigm and
a unique quasi-1D material platform for exploring the
interplay of geometry, symmetry, topology, and interac-
tion. Besides the discussed experiments, studies on the
coupling to ferromagnet, superconductor, or their linear
junctions, the possible topological phase transitions un-
der strain [44], and the influence of electron-electron in-
teractions would be extremely interesting.
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Appendix A: Crystal structure data
Table I summarizes the crystal structure data of β-
Bi4Br4, β-Bi4I4, α-Bi4Br4, and α-Bi4I4.
Appendix B: Model fitting
Table II summarizes a set of parameter values for the
Bi4X4 models in Sec. V that can well fit the band inver-
sions and band structures of the MLWF data, as shown
in Fig. 9. Below we describe our fitting procedure.
We first fit the intra-layer terms in HL of Eq. (2) to the
(001) monolayer Hamiltonians derived from the MLWF
Hamiltonians by ignoring the inter-layer tunnelings. In-
formed by the bottom panels of Fig. 6, HL has a band
inversion at (pi, pi). Those terms even in momentum are
fixed by the band energies at the TRI momenta, and
those odd are determined by the band dispersions near
(pi, pi). For the α phases, those terms ∝ τz are identified
by the differences between the even and odd (001) layers,
e.g., the direct band gaps of Bi4Br4 and the Dirac point
energies of Bi4I4. On top of these, we then fit the inter-
layer tunnelings in Eqs. (2), (6), and (7) with the band
inversions and band energies at the L and M points.
Appendix C: Gauge transformation
The transformation from the non-periodic Hamiltoni-
ans Eqs. (3) and (5) to the periodic ones Eqs. (4) and (6)
may be specified as follows:
H˜β = UH¯βU−1, HαBiBr = UH¯
α
BiBrU
−1, (C1)
where U = (1 + τz)/2 + e
iq3/2(1 − τz)/2, and τz = ±1
denote the two layers in a unit cell.
Appendix D: More accurate α-Bi4I4 model
The fact that the inversion center of α-Bi4I4 can only
be placed in the middle of two adjacent (001) layers has
two consequences. First, the inter-unit-cell layer separa-
tion is slightly different than the intra-unit-cell one, as
sketched in Fig. 11(a). Second, within the a-b plane,
two adjacent layers in the same unit cell are shifted by
c
a
d
c − d
c − d
(a)
(b)
b
a
(c)
b
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c
c − d
d
d − a1
d − a2
FIG. 11. (a) Stacking registry of α-Bi4I4. The dashed boxes
are the primitive unit cells. The red dots are the inversion
centers. (b) and (c) are two adjacent layers in the same and
different unit cells, respectively, viewed from the c−a/2 axis.
The zigzag lines sketch the atomic chains. The solid and
dashed lines denote the upper and lower layers. The blue
and gray dots are the centers of the unit cells of individual
layers. d, d − a1, d − a2, and c − d connect the centers of
two adjacent layers. The green arrows are vectors connecting
different inter-layer NNs. Based on Table I, the layer spacing
is nearly uniform, and d is close to c/2 + a/4; the spacing
variation in (a) and the layer mismatch in (c) are exaggerated.
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TABLE I. Crystal structure data of Bi4X4. For α-Bi4I4, the second line gives the values of the angle θ
′
2 and the distance
Bi′in-Bi
′
ex. For α-Bi4Br4, the two lines list the parameter values of the two symmetry unrelated (001) layers, respectively. Note
that α = γ = 90◦ and that conventional unit cells are used.
Phase a (A˚) b (A˚) c (A˚) β (◦) θ1 (◦) θ2 (◦) Biin-Bi′in (A˚) Biin-Biex (A˚)
β-Bi4Br4 13.307 4.338 10.191 107.87 91.12 91.62 3.038 3.063
α-Bi4Br4 13.064 4.338 20.061 107.42 91.34 91.28 3.032 3.056
91.51 93.07 3.028 3.052
α-Bi4I4 14.245 4.428 19.968 87.04 93.49 92.80 3.040 3.057
[58] 92.39 3.044
β-Bi4I4 14.386 4.430 10.493 107.87 93.18 92.42 3.049 3.071
a/2 relatively, while two in different unit cells remain lit-
tle shifted, as sketched in Figs. 11(b) and 11(c). In the
model in Eq. (7), while the first effect has been counted,
the second effect is ignored for simplicity. Because of
the second effect, the NN interlayer hopping processes
within a unit cell are associated with the lattice vectors
±(d − a1) and ±(d − a2) instead of ±d, as shown in
Fig. 11(b). To take into account the second effect, in the
model in Eq. (7), the factor τx in the term (dc+mcσz)τx
needs to be replaced by
−1
2
[τx(cos k1 + cos k2) + τy(sin k1 + sin k2)], (D1)
and the factor τy in the term tcσxsyτy needs to be re-
placed by
−1
2
[τy(cos k1 + cos k2)− τx(sin k1 + sin k2)]. (D2)
In the ML line, k1 = k2 = pi, these two factors reduce to
τx and τy, and the model in Eq. (7) is recovered.
TABLE II. A set of parameter values in units of meV for the
Bi4X4 models in Sec. V that can well fit the band inversions
and band structures given by the MLWF data.
Parameter β-Bi4Br4 α-Bi4Br4 α-Bi4I4 β-Bi4I4
ta 146.15 181.67 119.73 119.73
tb 977.13 977.62 1075.40 1075.40
d0 89.43 92.37 114.66 128.44
da 20.14 15.85 44.59 47.71
db −57.50 −70.19 −19.94 −9.10
m0 955.08 922.99 788.19 804.44
ma 140.61 161.04 121.65 110.85
mb −701.98 −714.37 −589.67 −594.71
tc 19.49 12.06 39.48 20.50
dc 4.17 −6.62 −2.09 −11.95
mc −1.99 −12.96 −24.46 −21.64
d′0 −12.00
m′0 21.31
t 7.78
t′ 7.78
t′c −10.33 −6.85
d′c −6.62 −5.66
m′c −12.96 2.47
Appendix E: Extended winding number
The celebrated SSH model can be expressed as
H(q) =
(
0 t1 + t2e
−iq
t∗1 + t
∗
2e
iq 0
)
, (E1)
where t1 and t2 are the NN couplings within a unit cell
and between two unit cells, respectively. Because of its
chiral symmetry, H(q) is characterized by the first wind-
ing number (evaluated in the trivial gauge [69])
ν1 =
i
2pi
∫
BZ
dqh(q)†∂qh(q) = Θ (|t2| − |t1|) , (E2)
where h(q) = (t1 + t2e
−iq)/|(q)|, ±(q) are eigenvalues
of H(q), and Θ is the Heaviside function. Although the
winding numbers are not gauge invariant, their differ-
ences are gauge invariant (when evaluated in the same
gauge). Thus, there are N topological zero modes local-
ized at any boundary across which ν1 changes by N .
In most cases t1 and t2 are assumed to be real, yet in
general they can be extended to complex numbers and
the conclusion Eq. (E2) remains the same. To show this
explicitly, let t1 = |t1|eiφ1 and t2 = |t2|eiφ2 with 0 ≤
φ1, φ2 < 2pi in Eq. (E1), and we obtain
H(q) = hx(q)σx + hy(q)σy,
hx(q) = |t2| cos (q − φ2) + |t1| cosφ1,
hy(q) = |t2| sin (q − φ2)− |t1| sinφ1, (E3)
where σ are Pauli matrices. One can directly see from
Eq. (E3) that The trajectory of (hx(q), hy(q)) is a cir-
hx
hy
ϕ1
|t2|
|t1|
FIG. 12. The trajectory of (hx(q), hy(q)) in Eq. (E3).
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cle of radius |t2| centered at (|t1| cosφ1,−|t1| sinφ1), as
shown in Fig. 12. Thus, the criterion for the origin being
enclosed by the trajectory, i.e., ν1 = 1, remains the same
as |t1| < |t2| even for complex t1 and t2.
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